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SUMMARY

This paper presents a new strategy for turbulence model employment with emphasis on the model’s
applicability for industrial computational �uid dynamics (CFD). In the hybrid modelling strategy pro-
posed here, the Reynolds stress and mean rate of strain tensors are coupled via Boussinesq’s formula
as in the standard k–� model. However, the turbulent kinetic energy is calculated as the sum of the
normal Reynolds-stress components, representing the solutions of the appropriate transport equations.
The equations governing the Reynolds-stress tensor and dissipation rate have been solved in the frame-
work of a ‘background’ second-moment closure model. Furthermore, the structure parameter C� has
been re-calculated from a newly proposed functional dependency f(uiuj; @Ui=@xj) rather than kept con-
stant. This new de�nition of C� has been assessed by using direct numerical simulation (DNS) results
of several generic �ow con�gurations featuring di�erent phenomena such as separation, reattachment
and rotation. Comparisons show a large departure of C� from the commonly used value of 0.09. The
model proposed is computationally validated in a number of well-proven �uid �ow benchmarks, e.g.
backward-facing step, 180◦ turn-around duct, rotating pipe, impinging jet and three-dimensional (3D)
Ahmed body. The obtained results con�rm that the present hybrid model delivers a robust solution pro-
cedure while preserving most of the physical advantages of the Reynolds-stress model over simple k–�
models. A low Reynolds number version of the hybrid model is also proposed and discussed. Copyright
? 2003 John Wiley & Sons, Ltd.

KEY WORDS: Reynolds-averaged Navier–Stokes equations; hybrid turbulence model; �nite volume
method; low-Re number model

1. INTRODUCTION

The progress of turbulence models based on Reynolds-averaged Navier–Stokes (RANS) equa-
tions has been somewhat stagnant in recent years and to date, there is no turbulence model
which can be considered ‘universal’ and which achieves acceptable accuracy in all �ows
of practical interest [1]. Alternative approaches, e.g. large eddy simulation (LES) or direct
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numerical simulations (DNS) are too costly for most engineering calculations and require
additional modelling solutions for other �ow classes e.g. multiphase �ow, combustion, etc.,
which still have to be resolved. As an outcome, the RANS framework, in conjunction with
statistical turbulence models, can be expected to remain the main ‘tool’ to solve practical
industrial applications for a long time. A large number of turbulence models exists, varying
from very simple to very complex forms, and although the majority of them have been tested
on the same standard benchmarks, there is no consensus about which model is best suited for
which application. However, it is generally accepted that the Reynolds–stress model (RSM)
is the best RANS model for the description of turbulence.
The RSM solves transport equations for the Reynolds stresses, each equation compris-

ing terms describing the rate of change, convection, production, di�usion, redistribution and
dissipation. The latest three terms require modelling. Although one can argue about some
modelling issues, the accuracy of the RSM in capturing �ow physics has nevertheless been
shown to be superior over other models when computing the �ow con�gurations of practi-
cal relevance (e.g. References [2–4]). On the other hand, there are numerical aspects of this
model that prevent its use for a wide range of industrial �ows. The main ‘numerical’ obstacle
is the coupling between velocity, pressure and Reynolds stresses in the momentum equations,
although some methods for ‘coupling’ improvements have been developed to date. It must
also be kept in mind that industrial computational �uid dynamics (CFD) users aim at reduc-
ing the meshing time by using di�erent ‘automatic’ grid generators, which regularly create
unstructured grids, very often with poor quality and even consisting of arbitrary shaped cells.
Such grids with computationally awkward cells lead to increased problems regarding ‘cou-
pling’ and generally to a decrease of the convergence rate. Keeping in mind some additional
uncertainties arising from the de�nition of boundary conditions for industrial applications
and the geometrical complexity of �ow con�gurations that often include moving parts, it
is inevitable that industrial CFD users require less complicated and more robust turbulence
model.
One solution is the eddy–viscosity turbulence model. In this model group, the turbulent

stresses are proportional to the mean rate of strain [5]. Even in its simplest forms as a ‘zero-
equation’ model (based on the Prandtl’s mixing length hypothesis, e.g. Reference [6]) or a
‘one-equation’ model (based on the transport equation either for the kinetic energy of turbu-
lence, e.g. Reference [7], or for the turbulent viscosity �t , e.g. Reference [8]), this modelling
concept is very often used for industrial �ows, e.g. in the aerospace industry, for turbo-
machinery etc. As these models usually require a length scale to be prescribed (corresponding
either to the �ow dimensions or to the wall distance), they are limited to the narrow range
of the thin shear layer �ows. It must be admitted however, that the limit of the models’
applicability could be extended by modifying appropriately the model equations (see e.g.
Reference [9]). Better accuracy and universality has been achieved with two-equation eddy–
viscosity models. Among many models of this type, the k–� model is the most popular. The
Boussinesq’s ansatz is in many occasions blamed for the poor performance of the model. The
implicit isotropic assumption of such formulations, where eddy viscosity is introduced as a
scalar, is an additional cause of inaccuracy. Moreover, constants are deduced from measure-
ments by assuming local equilibrium and taken as a �xed value for the entire �ow �eld. In
the standard k–� model, the structure parameter C� is taken to be equal to 0.09. Regardless
of these irregularities, the k–� model is certainly the most widely used model for engineer-
ing computations. Contrary to the RSM, its implementation is numerically robust due to the
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simplicity of the model and at the same time providing an acceptable level of accuracy for
some applications.
An alternative approach is proposed in this paper. The aim is to o�er a less ‘troublesome’

use of at least parts of the RSM by achieving a compromise between robustness, speed and
accuracy. Concerning the accuracy, it seems that the use of Reynolds-stress equations to calcu-
late turbulent kinetic energy is unavoidable; hence, this is the basis of the modelling approach
proposed here. Calculated Reynolds stresses are used to update the turbulence viscosity, which
is then used in the momentum equations via the eddy–viscosity relationship. The dissipation
rate equation is also solved in the form commonly used in the framework of the Reynolds-
stress closures. It could be expected that such a combined model is more accurate than the
standard k–� model and more robust than the full RSM. A remaining possibility regarding the
eddy viscosity approach is to correct the constant C� by using available Reynolds stresses.
To analyse the behaviour of C�, a DNS database was used for several generic �ows, such as
fully developed �ows in a plane channel [10], the axially rotating pipe [11] and the �ow over
a backward facing step [12]. By using DNS data, the structure parameter being the ratio of
shear stresses and turbulent kinetic energy is recalculated showing a departure from a constant
value. Furthermore, a new invariant formulation for C� is proposed, based on the application
of least squares approach on the Boussinesq correlation.
A number of cases predicted with the ‘hybrid turbulence model’ are presented in this paper.

These results show that such a modelling approach can be an alternative solution to existing
turbulence models. It is important to point out that the proposed model di�ers from the usually
proposed zonal models, which su�er from numerical instability due to the interface between
di�erent models employed in the same calculation domain.

2. MATHEMATICAL MODEL

The mathematical model is based on the RANS equations. The momentum equations, given
in Cartesian tensor notation, are

�
DUi
Dt

=−@P
@xi

+
@
@xj
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(1)

where Ui stands for the mean velocity vector, P is the static pressure and � and � are the
�uid density and the dynamic viscosity, respectively. The correlations uiuj, known as the
Reynolds stresses, are additional unknowns in this set of equations, which leave the number
of unknowns larger then the number of equations.
In the k–� eddy–viscosity model, the Reynolds stresses are evaluated from Bousinessq’s

assumption, given by

−�uiuj=2�tSij − 2
3 ��ijk (2)

where Sij is the mean rate of strain tensor, given as Sij= 1
2(@Ui=@xj + @Uj=@xi) and the turbu-

lence viscosity �t is evaluated from

�t =C��
k2

�
(3)
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In order to close the k–� model, it is necessary to solve equations for the turbulent kinetic
energy, k, and its dissipation rate, �:
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where the production of turbulent kinetic energy is given by Pk =−uiuj@Ui=@xj. The model
coe�cients appearing in the above equations are assigned their standard values [13]:

C�=0:09; C�1 = 1:44; C�2 = 1:92; �k =1:0; ��=1:3

In the case of the second moment turbulence closure, the Reynolds stresses are obtained from
the solution of the di�erential transport equation:
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In this equation, the di�usion by turbulence �uctuations was modelled with a simple gradient-
transport hypothesis (Cs=0:22) and viscous dissipation was assumed to be isotropic. The
ability to abandon the wall topography parameters and a local distance from a solid wall
from the second-moment closure has been viewed as an important prerequisite for wider ap-
plications in geometrically complex �ows. Dependency of the results due to di�erent numerical
interpretation of terms acting normal to the wall has to be avoided. The model proposed by
Speziale et al. [14] showed that the inclusion of second-order, non-linear terms in the model
of the pressure–strain term can serve, at least in part, as a substitute for a wall-distance–
dependent pressure–re�ection term in the model of Gibson and Launder [15]. This model also
shows an improvement in reproducing the turbulence interaction in stagnation regions. Thus
the complete pressure–strain term is of the form:

�ij =−(C1�+ C∗
1Pk)bij + C2�
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3
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)
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where bij= uiuj=(2k)−�ij=3 and Wij=0:5(@Ui=@xj−@Uj=@xi) are the Reynolds-stress anisotropy
and the mean vorticity tensors, respectively. The dissipation rate was obtained from the stan-
dard equation
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The turbulent kinetic energy, k, is obtained from the sum of the normal Reynolds stresses.
The coe�cients in Equations (7) and (8) are those assigned by the model’s originators (see
original reference [14]).
In the present study, all models have been used in conjunction with standard wall functions

(apart from Chapter 6, dealing with the near-wall variant of the hybrid model). The standard
wall function is applied by introducing wall turbulent viscosity, thus

�w =
y+P
U+
P
� (9)

where

U+
P =



y+P if y+P ¡11:63

1
�
ln (Ey+P ) if y+P¿11:63

(10)

The non-dimensional wall distance is given as

y+ =
�C1=4� k1=2�n

�
(11)

where �n denotes the normal distance from the near-wall node to the wall. The �ux of
turbulent kinetic energy at the wall is taken to be zero, a condition simply enforced by setting
the appropriate �nite-di�erence coe�cients to zero. The values of k at the node closest to the
wall is therefore obtained from the solution of its equation there. A single modi�cation to
the standard equation is required: it concerns the way in which the rate of production of k is
evaluated at the grid nodes closest to the wall. Dissipation rate � is �xed for the �rst-to-wall
cells by assuming that turbulence is in local equilibrium. In the case of Reynolds stresses
there are two main approaches, the �rst one was proposed by Lien and Leschziner [16] who
derived the Reynolds stresses in the �rst-to-wall cell by focussing on the stress equation (6)
applicable to the local energy equilibrium. The ‘log-law’ derived stresses are wall oriented
and should be transformed to the Cartesian co-ordinate system to be in agreement with the
procedure needed for non-orthogonal geometry. The second approach in which the Reynolds-
stress components are solved at the nodes closest to the wall seems to be more robust, but
is tricky to implement with wall functions. In this approach, the velocity gradients of mean
velocity that enter into the various production rate terms are evaluated from di�erentiation of
the log-law (see Chapter 4).

3. HYBRID TURBULENCE MODEL (HTM): RATIONALE

An expression (3) for the turbulence viscosity can be reformulated as

�t =�C�

(
k3=2

�

)
k1=2 =�C�L0v0 (12)

where L0 and v0 denote characteristic length and velocity scales of turbulence, respectively.
In the k–� modelling concept these scales are provided by solving the transport equation
for the turbulent kinetic energy and its dissipation rate. The C� coe�cient is derived in the
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framework of a one-equation model using the Prandtl–Kolmogoro� expression �t =C�k1=2L
(see e.g. Reference [17]) and assuming local equilibrium: equality of the production and
dissipation rate of the kinetic energy of turbulence and a constant shear stress �uv across the
logarithmic law region of a turbulent boundary layer. This derivation yields the expression
C�=(−uv=k)2, known as the structure parameter of turbulence. Some early measurements of
the boundary layer �ows, such as those from Schubauer (1954, see e.g. Reference [18, p.
492]), indicated a fairly constant value of this ratio (−uv=k ≈ 0:3) in a large portion of the
cross-section. It led to the most commonly used constant value for C� of 0.09. This is surely
a weak point of such a model formulation, because the parameter C� varies not only from one
�ow to another but also across the same �ow. Pope [19] discussed the necessity to express this
coe�cient as a non-trivial function of some �ow parameter, e.g. Sij and Wij. Some authors
proposed alternative values depending on the �ow type, as e.g. Reference [20], who even
derived a di�erent C� for the channel �ow depending on the bulk Reynolds number. This
evaluation of C� indicates a range between 0.06 and 0.12 for some simpler types of �ows.
Rodi [21] correlated the experimental data of weak shear �ows (far-�eld jets and wakes),
where the production and dissipation rates of k di�er signi�cantly. He proposed C� to be a
function of the average value of the ratio Pk=� across the layer. This function is valid only
for thin shear layers and imposes a range of C� as large as 0.03–0.6. None of these values
seems to be appropriate if considering more complex �ows, introducing large uncertainties
in the calculations. Pourahmadi and Humphrey [22] tried to overcome this de�ciency by
replacing the constant value with an expression derived from the algebraic stress model for the
Reynolds stresses. Predicted Reynolds stresses were equalized with Boussinesq’s assumption,
�nally providing a value for C�. The results were only partly satisfactory, since the proposed
formulation produced unrealistic values over a large part of the �ow. Furthermore, due to
its complexity, the model has not been widely used in practice. Barakos and Drikakis [23]
pointed out the decisive importance of a variable C� for the calculations of the transonic bu�et
�ows around airfoils.
In this work, we used DNS data to recalculate the parameter C�=(−uv=k)2 for the fully

developed channel �ow for di�erent bulk Reynolds numbers [10] and for the �ow over a back-
ward facing step (Re=5000, Reference [12]) i.e. the parameter C�=(

√
uv2 + uw2 + vw2=k)2

for the �ow in an axially rotating pipe for di�erent rotation rates N , (symbols in Figures 1 and
2)‡. The C� pro�les in the channel �ow are not shown here, because they correspond closely
to the non-rotating pipe (N =0), Figure 2. The structure parameter approaches roughly the
value 0.09 in �ows, where equilibrium conditions can be expected, as e.g. in the non-rotating
pipe. However, in the near-wall regions, within the separation bubble, reattaching and recov-
ery regions as well as in rotating pipes, the deviation from the equilibrium value 0.09 is large.
Of particular mention is the very low C� value in the axially rotating pipe �ow, becoming
even lower with increasing rotational intensity. This low value will be shown to be of crucial
importance in capturing the �ow phenomena in rotating �ows (see Chapter 5). With the aim
at deriving a functional dependency for C�, accounting for the behaviour seen in Figures 1
and 2, the following procedure is proposed.

‡The lines shown in Figures 1 and 2 represent the C� pro�les obtained by applying expression (14), see discussion
in the reminder of this chapter.
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Figure 1. Pro�les of the structure parameter C� deduced from the DNS database of the �ow over a back-
ward-facing step [12]. Lines: C� from the least-square approach, Equation (14). Symbols: C�=(−uv=k)2.

The approach given above is extended by using Boussineq’s eddy viscosity formula and
the local equilibrium assumption:

C�=
(uv)2 + (uw)2 + (vw)2

k2

(
1 +
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)
(13)

where Pirrot and Prot are the stress production rates being related to the normal (diagonal)
components (irrotational part) and the shear (o� diagonal) components (rotational part) of
the Reynolds-stress tensor given as
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respectively. Although expression (13) can satisfy some �ow situations, e.g. non-separating
�ow in a straight channel, it cannot be used as a general formulation for complex three-
dimensional cases due to its co-ordinate non-invariant form. Other similar derivations can be
obtained by introducing all stress components, but usually they are characterized by a number
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Figure 2. Pro�les of the structure parameter C� deduced from the DNS database of the
fully developed �ow in an axially rotating pipe [11]. Lines: C� from the least-square

approach, Equation (14). Symbols: C�=(
√
uv2 + uw2 + vw2=k)2.

of singularities and are very di�cult to treat numerically. More complex formulations can be
achieved by looking at the local co-ordinate system de�ned by the streamlines (tangential and
normal components) but making the model too complex and departing from the basic idea to
introduce a simple and robust model.
A further approach equalizes the production of turbulent kinetic energy predicted by the

RSM with the production obtained by the k–� model, thus

C�=
(
−uiuj @Ui@xj

)/(
k2

�
S2
)
; S=

√
2SijSij (14)

This relation can be ful�lled by minimizing the error
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by choice of C� [24]. The �rst derivative of (15) with C� is given by
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Figure 3. Convergence rate history by computation of the backward-facing �ow case
by all model schemes investigated.

Upon setting @E=@C�=0, C� is evaluated from

2C�
k2

�
SijSij=−uiujSij (17)

which is equivalent to Equation (14). Clearly this represents a minimum of E, since it is
easily shown that

@2E
@C2�

=8
(
k2

�

)2
SijSij¿0 (18)

The pro�les of the coe�cient C� obtained by applying expression (14), i.e. (17) (DNS data
for all input variables uiuj; k; � and Sij were used) are compared with the structure parameter
C�, which was mentioned earlier in this chapter, in Figures 1 and 2. This comparison reveals a
similar tendency and pro�le shapes. Both sets of coe�cients reach a level, which corresponds
closely to the equilibrium value of 0.09, in a large portion of the �ow behind a backward-
facing step, but outside the wall region (Figure 1). Good agreement is found also in the
axially rotating pipe �ow, where the C� pro�les obtained by applying the model formulation
(Equation (14)) follow very low values (between 0.01 and 0.04) of the structure parameter.
The hybrid turbulence model proposed here involves the solution of the momentum equa-

tions (1) and the derived quantities in Equations (2), (3) and (14) together with the set of
equations governing the Reynolds stress tensor and dissipation rate, Equations (6) and (8). In
general, the model is not simple, but its use is greatly simpli�ed with the numerical procedure
given below, resulting in an overall enhancement of robustness and a decrease of computing
time when compared to the RSM calculations. Figure 3 shows the mass residuals when the
k–�, RSM and HTM models are applied on the simple Cartesian orthogonal grid employed
for the backward-facing step. The convergence rate of di�erent models varies largely, but the
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HTM model behaviour lies much closer to that of the k–� model then to the RSM model.
Numerical procedure is discussed next.

4. NUMERICAL PROCEDURE

All turbulence models discussed above have been implemented in a commercial CFD code
AVL SWIFT/FIRE [25]. This code employs the �nite-volume discretization method. The
integral form, applicable to a non-moving control volume with the outward surface (cell-face)
vectors A=Ak ik , can be written as

d
dt

∫
V
�� dV︸ ︷︷ ︸

Rate of change: R

+
∮
A
��Uk dAk︸ ︷︷ ︸

Convection: C

=
∮
A
�kk�

@�
@xk

dAk︸ ︷︷ ︸
Di�usion: D

+
∫
V
sV� dV +

∮
A
sA�k dAk︸ ︷︷ ︸

Sources: S

(19)

where a general variable �(xk ; t) can represent either scalars, or vector and tensor �eld com-
ponents. Here, the Cartesian co-ordinate system (x; y; z) with the unit vectors (i; j;k) is used
and tensor notation is employed. In the above equation, � is the �uid density, t is time, Uk
are components of the �uid velocity vector, �kk� is the di�usion coe�cient for the variable �
(in this case repeated indices do not imply summation), sV� and s

A
�k are the volumetric and

surface source terms, respectively. All dependent variables are stored at the geometric cen-
tre of the control volume. Both surface and volume integrals are approximated by using the
integrand values that prevail at the center of the face or cell. The appropriate data structure
(cell-face-based connectivity) and interpolation practices for gradients and cell-face values
are introduced to accommodate an arbitrary number of cell faces. Discretized control volume
equation can be written as

d
dt
(�PVP�P) +

nf∑
j=1
Cj −

nf∑
j=1
Dj=(sV� )PVP +

nf∑
j=1
(sA�kAk)j (20)

where Cj and Dj are convection and di�usion transport through the face j, respectively; nf is
the number of cell-faces.
For the momentum equation (�=Ui), the source term integrated over the surface of the

control volume is given by

SA�; j=�
@Ui
@xj

− �uiuj (21)

uiuj are Reynolds stresses obtained from their own transport equation in the case of RSM or
HTM models or from di�erent assumptions depending on the model employed, e.g.
Boussinesq’s formula for k–� model. Reynolds stresses can be introduced into the momentum
equation using the following formulation (see also References [26, 27]):

uiuj= uiujk–�iso︸ ︷︷ ︸
A:source+di�usion

+ uiujmodel − uiuj iso︸ ︷︷ ︸
B:source

(22)

where uiuj iso is an ‘isotropic’ part de�ned by Boussinesq’s formula and uiujmodel are obtained
from the Reynolds-stress equations.
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Di�usion terms arising from the Reynolds stress de�nition and Bousinesq’s formulation
(uiujk−�iso ), can be discretized following the proposal of Przulj and Basara [28] (see also Ref-
erences [29–31]) by using the expression for the gradient of variable � given as

∇�j=∇�j +
Aj
Ajdj

[(�Pj − �P)−∇�j · dj] (23)

where ∇�j=fj∇�j + (1− fj)∇�j and fj is the cell-face interpolation factor.
In the case of di�usion �ux in the momentum equations, the gradient given by Equation (23)

is multiplied with �e� =�t +�lam. This term stays the same regardless of whether a k–� model
or a second-moment closure is used. Remaining di�erences between models and Bousinesq’s
formulation are then used on the right-hand side of the discretized equation (see Equation (22)
and term B). This source term is accompanied by the cross-di�usion term resulting from so-
called deferred correction applied to the term A in Equation (22), thus

Dj= �e�
A2j
Ajdj

(�Pj − �P)︸ ︷︷ ︸
normal-di�usion

+�e�∇�j
(
Aj −

A2j
Ajdj

dj

)
︸ ︷︷ ︸

cross-di�usion

(24)

In the case of the HTM model proposed here, additionally �e� is expressed as

�e� = �
c�=0:09
t + �lam︸ ︷︷ ︸

di�usion

+�c�=f(uiuj ; @Ui=@xj)t − �c�=0:09t︸ ︷︷ ︸
source

(25)

Equation (25) is denoted as method 2 in Figure 3, while method 1 assumes that e�ective
viscosity is based only on the re-calculated value of C�, thus

�e� =�
c�=f(uiuj ; @Ui=@xj)
t + �lam (26)

Figure 3 shows, as expected, that method 2 will give a convergence rate similar to the case
in which the coe�cient C� is taken to be a constant (0.09).
A deferred correction approach is also used for the treatment of convection �uxes, thus

Cj= ṁj�UDSj + S�|ṁj|’j(�Pj − �P) (27)

where mass �ux ṁj is given as ṁj=�UjAj, and 	� is the blending factor between upwind
di�erencing scheme (UDS) and higher-order scheme (06	61). The �rst term (the upwind
contribution) is treated implicitly, while the second, underlined term is calculated by using
values from the previous iteration step and treated as an additional source. The �ux limiter
’j is given by a higher order di�erencing scheme used to ensure a bounded solution [28].
The rate of change (see Equation (19)) is discretized by two unconditionally stable implicit

schemes, namely a �rst-order-accurate Euler (two-time-level) scheme and a second-order-
accurate three-time-level scheme. In the case of transient calculations, it was found that the
best practice for the update of C� is the explicit one [32], in which the values recalculated
on the basis of the previous time step prevail over the entire time step. In this case, it is
also important to note that the under-relaxation of C� can be a risky practice, since it can
introduce an additional ‘numerical’ source of periodicity and therefore it is not recommended
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(otherwise more iterations have to be performed in one time step). Contrary to the transient
case, the under-relaxation of C� is recommended for steady-state calculations.
The overall solution procedure is iterative and is based on the SIMPLE like segregated

algorithm. This algorithm e�ectively couples the velocity and pressure �elds by converting
a discrete form of the continuity equation into an equation for the pressure correction. The
pressure corrections are then used to update the pressure and velocity �elds so that the ve-
locity components obtained from the solution of momentum equations satisfy the continuity
equation. On non-staggered grids, a special interpolation practice is required for the face
velocities [31, 33].
The turbulent kinetic energy, the dissipation rate and the Reynolds-stress equations are

discretized following Equation (19) and the sources are linearized following common practices;
hence, no special treatment is required. The only exception is in the case of the RSM model,
with the treatment of the velocity gradients next to the wall. If the Reynolds-stress equations
are integrated straight to the wall, inaccurate velocity gradients can give an enormous rise to
production terms, especially in the case of a coarser grid and consequently, the convergence
rate will decrease. The simple treatment has been proposed by Basara [4] to ensure reasonable
values of velocity gradients by using the log-law. Thus

@UP
@n

=

√

wall=�
��n

(28)

where 
wall is the wall shear stress de�ned with the standard wall function approach by using
velocity at the near wall cell parallel to the wall UP. A ‘very near’ wall velocity can be
derived, whose gradient satis�es Equation (29), thus

|Uwall|= |UP| − 1
�

√

wall=� (29)

By using a co-ordinate transformation to obtain Cartesian velocity components, production
stress terms can be updated with the velocity gradients which �t to the ‘log-law’ velocity
gradient in the direction normal to the wall. Such predicted Reynolds stresses, when introduced
into the momentum equations �t much better to the wall stresses predicted from wall functions.
Otherwise very �ne grid distribution near the wall is required to obtain smooth velocity pro�les
on the wall. Furthermore, the production of turbulence kinetic energy can now be obtained by
summing up the production stress terms and then compared with the production term obtained
from the log-law in order to provide a correction factor which is then used to correct a stress
production terms in Reynolds stress equations (more details are given in the work of Basara,
2002).
The linearized algebraic equations are solved by very e�cient, preconditioned conjugate gra-

dient methods. The symmetric gradient method is used to solve equations with the symmetric
matrix and the biconjugate method (Bi-CGSTAB) of van der Vorst [34] for equations with
an asymmetric matrix. Both methods are used with an incomplete Cholesky preconditioning
technique (see Reference [35]).
Calculations on di�erent grids with di�erent di�erencing schemes are a prerequisite for

reliable simulations. Otherwise, numerics may introduce errors which could obscure turbulence
model performances. As shown above, all terms in equations are discretized with minimum
second-order accuracy. Furthermore, calculations presented in the next sections have been
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performed on very �ne numerical grids. Altogether, this ensures that all results presented in
this paper are grid independent. Also, the benchmarks chosen for this paper are very well
known and well documented in many references and hence, it is possible to make comparisons
with many other previously reported calculations even performed with the same models (some
of the cases were included in ERCOFTAC Workshops).

5. ILLUSTRATION OF MODEL PERFORMANCE: HTM AND ITS
PHYSICAL IMPLICATIONS

The performance of the hybrid turbulence model obviously depends on the Reynolds-stress
closure used. Therefore, it is not expected that the HTM will perform better than the RSM
model, but that the results will lie somewhere between the RSM and k–� models results. Nev-
ertheless, there are several very important �ow categories, where the application of the HTM,
unlike the k–� model scheme, captures some very important �ow phenomena. Furthermore,
for all cases presented below, overall di�erences between convergence rates are similar to that
shown in Figure 3.
It is very well known, that the eddy–viscosity modelling concept exhibits a number of

weak points. The most known model scheme from this group, being most widely used in
industrial praxis, is the standard linear k–� model. The original model formulation for �t [5]
represents the proportionality between the turbulent shear stress component (�uv) and the
mean shear (@U=@y), in analogy to the viscosity law. This model was subsequently put into
the tensor form and extended for 2�ijk=3 (see Equation (2)) to ensure that uiui=2k. Whereas
its performance could be regarded as acceptable in the �ows being dominated by the mean
shear, it fails to capture important �ow features in most of the �ows departing from the
thin shear layer approximation: �ows in�uenced by streamline curvature and strong pressure
gradients causing high acceleration and deceleration, swirling �ows, separating and reattaching
�ows, �ows with stagnation regions, etc. The performances of the HTM model in some of
these �ow classes are illustrated as follows.

5.1. Round jet impinging onto a �at plate

In the hybrid turbulence model scheme, the kinetic energy of turbulence is obtained from
modelled Reynolds-stress equations, implying the application of the exact expressions for
the stress generation. The resulting expression for the production of the kinetic energy of
turbulence for the 2D �ows reads

Pk =
1
2
(P11 + P22 + P33)=−u2 @U

@x
− uv

(
@U
@y

+
@V
@x

)
− v2 @V

@y
(30)

The superiority of such a procedure becomes especially illustrative when comparing this ex-
pression with the appropriate formulation used in the framework of the k–� modelling concept:

Pk =2�t

(
@U
@x

)2
+ �t

(
@U
@y

+
@V
@x

)2
+ 2�t

(
@V
@y

)2
(31)
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Figure 4. Pro�les of the resultant mean velocity and turbulent kinetic energy in the stagnation region
of the �ow impinging normally onto a �at wall.

In thin shear �ows dominated by the mean shear (@U=@y), both formulations result in ap-
proximately the same value, because e�ects of the normal straining are neglected. However,
in �ows with a more complex mean rate of strain tensor Sij, whose components exhibit dif-
ferent levels and signs, the production rates are likely to be di�erent. The formulation for
Pk in the framework of the k–� model always gives a positive production rate, displaying no
dependence on the sign of the individual strain tensor components. A typical �ow example il-
lustrating such a behaviour is the jet impinging perpendicularly onto a �at plate [36], imposing
a negative S11 = @U=@x (deceleration) and a positive S22 = @V=@y (acceleration in the vertical
co-ordinate direction) in the impingement (stagnation) region, with v2¿u2. Contrary to the
exact formulation for Pk used within the RSM concept, this irrotational straining contributes
strongly to the excessive production of the kinetic energy of turbulence in the k–� modelling
framework, Figure 4. Due to the fact that this �ow is pressure dominated, the in�uence of
k on the mean velocity is not very pronounced, nevertheless an overpredicted k value would
lead to an overestimation of the heat transfer rate in this region. The results obtained by the
present hybrid turbulence model are fully compatible with the Reynolds-stress closure results.
The impinging jet case belongs to the category of the �ows in�uenced locally by the stream-
line curvature, which in fact implies additional e�ects on the kinetic energy production rate
through an extra strain rate (U 2=R)n�, where U stands for the velocity component tangential
directed to the streamline—U t, n�=R dt=d� denotes direction normal to t and R is the radius
of the streamline curvature.
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Figure 5. Streamline patterns of the �ow over a backward-facing step obtained by
(a) standard k–� model, (b) RSM and (c) HTM.

5.2. Flow over a backward-facing step

The next example with local streamline curvature is the �ow over a backward-facing step,
separating at the sharp edge of the step and creating a separation bubble behind the step. A
case studied experimentally [37] and by means of DNS [12] was computed. Figure 5 displays
the streamline patterns obtained by the standard k–� model, the SSG RSM and the hybrid
model scheme proposed. Apart from the anomaly related to reverse curvature of the mean
dividing streamline at reattachment, causing in fact a certain shortening of the separation region
from the experimental Xr=H =6:1 to the computational Xr=H =5:55, the RSM gives a large
recirculating zone, in accordance with the reference data. The RSM traditionally reproduces
a lower level of the turbulent shear stress uv and a lower kinetic energy of turbulence k
along the shear layer aligned with the mean dividing streamline, than those computed by the
k–� model (not shown here). These damping e�ects on turbulence imposed by streamline
curvature are captured by the RSM, in contrast to the k–� model. A lower level of the shear
stress implies a reduction of the �uid entrainment into the shear layer and an extension of the
recirculation bubble. The results using the hybrid turbulence model exhibit a similar behaviour,
resulting in Xr=H =6:03, which is substantially longer than the result using the k–� model
(Xr=H =5:47), Figure 5. It is interesting to note in Figure 5 that the hybrid turbulence model
does not capture a small, counter-rotating vortex at the base of the step, the same discrepancy
as in the predictions with the standard k–� model. These secondary currents are stress induced,
resting on the selective in�uence of the anisotropic Reynolds-stress �eld on the mean �ow.
Therefore, this feature is beyond the reach of the hybrid modelling procedure, because of the
eddy–viscosity-based coupling of the Reynolds stress with the mean velocity �elds. However,
this feature can be captured by a low-Reynolds number model, accounting for the interaction
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Figure 6. Schematic of the 180◦ turned U-band.

within the viscous sublayer and the reminder of the �ow domain (not shown here). On the
other hand, the HTM does not exhibit an unrealistic rearward streamline curvature at the end
of separation, something very common for the predictions with RSM models (see e.g. the
work of Hanjalic and Jakirlic [38]).

5.3. Flow in a 180◦ turned U-bend

Besides the local streamline curvature, the �ow can be curved as a whole by the imposed
boundaries, as illustrated by the next example, the 180◦ turned U-bend, Figure 6 (Exp.: Ref-
erence [39]). It represents the �ow class a�ected by the so-called longitudinal streamline
curvature. This �ow con�guration is characterized by an increase in the mean �ow angular
momentum with radius of curvature, reaching its highest value in the part of the �ow over the
convex surface. The additional strain rate originating from the streamline curvature attenuates
the turbulence in this �ow region (stabilizing curvature). On the other hand, it ampli�es the
turbulence in the opposite situation, i.e. in the part of the �ow over the concave surfaces
(destabilizing curvature). It is illustrated in Figure 7, showing pro�les of the mean veloc-
ity and kinetic energy of turbulence at selected location across the curved part of the �ow
(prior to the separation bubble) and the recirculating region itself. Whereas the RSM and
HTM reproduce very well the turbulence attenuation over the inner surface of the U-bend,
corresponding to the �ow acceleration, and the turbulence ampli�cation over its outer surface,
corresponding to the deceleration of the �ow, the standard k–� model results in a fully sym-
metric pro�le of the k in spite of the correctly predicted asymmetrical pro�le of the mean
velocity, Figure 7(a). Such a high turbulence level completely prevents �ow separation, a fact
depicted in Figure 8, showing the streamline patterns obtained by all three model schemes.
The application of both the RSM and HTM closures results in a separation zone, whose onset
is placed at the end of the U-band. The mean velocity pro�les within the separation zone
are shown in Figure 7(b), indicating a somewhat thicker recirculation bubble obtained by the
RSM.

5.4. Swirling �ow in an axially rotating pipe

The next �ow example investigated is the fully developed �ow in an axially rotating pipe
(DNS: Reference [40]), being representative of the con�ned swirling �ows. Besides the strong
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Figure 7. Mean velocity and kinetic energy pro�les at two selected locations along the �ow in a 180◦
turned U-band, (a) and (b) at 90◦ and (c) and (d) at 180◦.

mean (@U=@r) and secondary (@W=@r) shear strainings, the �ow is strongly a�ected by the
streamline curvature, being represented through an additional strain −W=r. In spite of being
computationally treated as unidirectional, i.e. one dimensional (@=@z, @=@’=0), this con�g-
uration displays all features of a three-dimensional �ow, necessitating solution of the trans-
port equation for all three velocity components (Ur;U’;Uz ≡V;W;U ) and all six non-zero
Reynolds-stress components. Rotating and swirling e�ects impose a strong anisotropy on
the eddy viscosity �eld. Eddy viscosity has no longer an isotropic, scalar nature, as en-
forced by the k–� model formulation, but a tensorial one. It is characterized by a strongly
anisotropic behaviour of its components: �t;12 =−uv=(@U=@r), �t;23 =−vw=[r@(W=r)=@r] and
�t;13 =−uw=(@W=@r) (see e.g. Reference [41]). Although the background Reynolds-stress clo-
sure is inherently capable of accounting for such a behaviour, it is the coupling between the
velocity and Reynolds-stress �eld via Boussinesq’s ansatz, which does not allow any other
solution for the circumferential velocity component except the pro�le indicating the solid body
rotation: W=Wwall = r=R, Figure 9(b). This fact can be illustrated by writing the ’-component
of the momentum equation with the vw-shear stress being de�ned by the Bousinesq’s formula
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Figure 8. Streamline patterns of the �ow in 180◦ turned U-band obtained by
(a) standard k–� model (b) RSM and (c) HTM.

(−vw= vtr@(W=r)=r):

0=
1
r2
@
@r

{
r2
[
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)
− vw

]}
⇒ 0= (�+ �t)r

@
@r

(
W
r

)
(32)
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Figure 9. (a) Axial and (b) circumferential velocity components and (c) shear-stress components in the
fully developed �ow in an axially rotating pipe.
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Independent of the model for the turbulent viscosity �t , this equation can be satis�ed only if
W ∝ r. This equation is coupled with the equation governing the axial velocity U via the
turbulence quantities only (−uv= �t@U=@r):

0=
1
r
@
@r

[
r
(
�
@U
@r

− uv
)]

− 1
�
@P
@z

⇒ 0=
1
r
@
@r

[
r(�+ �t)

@U
@r

]
− 1
�
@P
@z

(33)

Figure 9(c) shows both shear stresses computed by all three model schemes. The Boussinesq’s
correlation results in a wrong (compared to the DNS data), slightly negative value of the vw-
shear stress and a high value of the uv-shear stress, being even higher than in the non-rotating
case (not shown here). This high shear stress prevents an increase in the centreline velocity UC
by increasing the rotational intensity N , which traditionally indicates a laminar like behaviour
of the axial velocity components. The UC-value is even slightly decreased (see direction in
Figure 9(a) indicated by the arrow), exhibiting in fact no sensitivity of the k–� model to
rotational e�ects. Contrary to that, the HTM accounts for this e�ect in accordance with the
DNS data and the RSM results (not shown here). Responsible for such a behaviour is the
decreasing level of the turbulent viscosity i.e. shear stress by the increasing N , Figure 9(c).
The functional dependency for C� plays a very important role here, exhibiting a much lower
level than 0.09, Figure 2. This successful capturing of the axial velocity component is very
important, particularly for swirling �ows in short combustor geometries, where the �ame
stabilization is reached by the vortex break-up, creating a �ow reversal in the core region.
This free bubble is traditionally missed by applying the k–� model.

5.5. Flow around a car model—Ahmed body

The Ahmed body, a three-dimensional idealized vehicle model represents the key benchmark
for validation of the turbulence models regarding external car aerodynamics. This case allows
investigation of the back slant e�ect on the overall drag force. At a certain angle of the slant, a
vortex breakdown phenomena appears, causing the sudden pressure drop acting on the model.
Basara and Alajbegovic [42] showed that only transient calculation is appropriate for such
a simulation, since vortex shedding is present. However, the aim here was only to check if
the HTM provides results lying between the RSM and the k–� model, as presented above for
several two-dimensional �ows (see Reference [32], for performances of the HTM model for
the vortex-shedding �ow). The case with the back slant angle of 35◦ is calculated here, since
the �ow detaches on the edge, hence, the separation point is not signi�cantly in�uenced by
transient e�ects.
The computational domain contains 523 000 hexahedral cells (see Figure 10). Local grid

re�nement is applied to improve a grid resolution around the body. The grid is carefully
checked for the numerical error by employing di�erent di�erencing schemes and it represents
the minimum size acceptable for turbulent models testing. The �rst next to the wall cells
ensure y+ values on the body to be in the range between 20 and 50. Attention was also
given to the boundary conditions. Measured velocity pro�le was used for extrapolation at the
inlet boundary faces. A minimum inlet distance from Ahmed body has been validated and
it was found that 0:5 m is su�cient in order not to in�uence results. The best agreement
was achieved when the inlet pro�le was taken from the same set of measurements used for
comparisons (inlet pro�le was taken from x=−1:443 m, Reference [43]).
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Figure 10. Calculation grid for the Ahmed body.

The selected mean velocity and turbulent stress pro�les at the symmetry plane are displayed
in Figure 11 at selected locations within the back slant region and the car body wake. Both
the streamwise and normal (not shown here) velocity components are captured well at all
locations with all models applied. The streamwise and shear stress components reproduced
by the full RSM are in closest agreement with the measurements, though the other model
results are not in larger discrepancy with the measured data. A small di�erence between results
obtained by both RSM and HTM is understandable, keeping in mind that the same Reynolds
stress equations are used to simulate turbulence �eld. Predicted surface streamlines with the
HTM and RSM models are shown in Figure 12. A noticeable di�erence has been observed
but it has to be kept in mind, that the complete rear part of the car body is in the separation
region starting near the top edge. Therefore, the same basic �ow pattern has been predicted
with all models, including the k–� model.

6. TOWARDS A LOW-REYNOLDS NUMBER, HTM

The immediate wall vicinity is characterized by a number of mean �ow and turbulence phe-
nomena. Besides the strong viscous e�ects, damping uniformly the turbulence �uctuations in
all directions, turbulence structure is signi�cantly in�uenced by the non-viscous, directionally
biased wall-blockage e�ects, imposing a di�erent level of damping on the individual velocity
�uctuation components. This results in an appropriate eddy �attening, causing a high level
of anisotropy of both, the Reynolds stress and dissipation rate tensors. Di�erent �ows, be-
ing characterized by di�erent extra-strain rates, display a di�erent anisotropy level. Whereas
a favourable pressure gradient (�ow acceleration) promotes anisotropy, an imposed adverse
pressure gradient (�ow deceleration) acts towards an isotropic state. The second-moment clo-
sures are inherently capable of accounting for all the e�ects mentioned above. Both, large
energy containing structures and dissipative small-scale motion, as well as their interaction
with the mean �ow, are simulated adequately by corresponding terms in the transport equa-
tions for turbulent stresses. Suitable model parameters, such as Reynolds stress and dissipa-
tion rate anisotropy invariants, as well as the Reynolds number of turbulence, are usually
introduced to accommodate the near-wall e�ects in modelling these terms. In the framework
of the standard, linear k–� modelling concept, a damping function f�, multiplying the turbulent
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Figure 11. Streamwise mean velocity components (upper), streamwise turbulence intensities
(middle) and turbulent shear stresses (lower) at selected locations within the back slant

region (left) and wake region (right) of the Ahmed body.
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Figure 12. Surface streamlines predicted by (a) HTM and (b) RSM.

viscosity, is traditionally introduced to mimic the near-wall behaviour mentioned:

�t =C�f�
k2

�
(34)

The function f� should provide a vanishing turbulent viscosity by approaching the solid wall.
On the other hand, this damping function takes a value of unity in the fully turbulent region,
matching usually the logarithmic layer. Most model developers formulate this function in
terms of the wall distance (see e.g. Reference [44]), exploiting the fact that the scaling of the
near-wall turbulence structures corresponds approximately to the local wall distance. Besides
its insensitivity to some very important �ow phenomena (e.g. transitional phenomena), the
wall distance is an extremely poorly de�ned model parameter in the case of very complex
�ow geometries with multiple walls. A much more suitable model parameter is the turbulence
Reynolds number Ret = k2=(��), which traditionally represents the viscosity e�ects, see e.g.
Reference [45]. On the other hand, this function cannot account for the stress anisotropy in
the framework of the two-equation k–� model and this re�ects the most important weakness of
this modelling concept. Durbin [46] proposed a new model for turbulent viscosity accounting
for both, viscous e�ects and Reynolds-stress anisotropy:

�t = 0:23v2 max
[
6:0
(�
�

)1=2
;
k
�

]
(35)

The viscosity e�ects are modelled by the time scale switch between the Kolmogoro� time
scale 
K =(�=�)1=2 and the turbulent time scale k=� (the turbulence Reynolds number could be
interpreted as the square of the ratio of the turbulent time scale to the Kolmogoro� time scale).
Recognizing that the wall imposes a selective damping on the normal-to-the-wall velocity
�uctuation, contributing strongly to the increased turbulence anisotropy by approaching the
two-component state very close to the wall, Durbin introduced the normal stress component
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Figure 13. Pro�le of the turbulent viscosity across the �ow in a plane channel.

as a most suitable measure of the kinematic wall blockage. This variable is obtained from
its own transport equation within the framework of the Durbin’s three-equation model (k–�–
v2). The pro�le of the eddy viscosity across the fully developed channel �ow obtained from
Equation (2) by feeding in the DNS data of Kim et al. [47] for k, � and v2 agrees very
well with the DNS results for �t =−uv=(@U=@y), Figure 13. For the sake of comparison, the
results obtained by Jones and Launder’s low-Reynolds number k–� model formulation are
also depicted. In the hybrid modelling strategy all turbulent stress components are available
and the Durbin’s formulation for �t could be applied. However, unlike Durbin’s v2, standing
for a scalar without direction of preference, the v2—stress obtained from the background
second-moment closure represents generally a Cartesian stress component being directed into
the y-co-ordinate axis. We adopted here a formulation which employs the switch between
the Kolmogoro� length scale �K =(�3=�)1=4 and the turbulent length scale k3=2=�. The stress
anisotropy is accounted for by the Lumley’s two-componentality parameter A (A=1−9(A2−
A3), A2 = aijaji, A3 = aijajkakl, aij= uiuj=k − 2�ij=3):

�t = 0:144Ak1=2 max

[
10
(
�3

�

)1=4
;
k3=2

�

]
(36)

The radial pro�le of �t obtained with this formulation shows very good agreement with
Durbin’s model and appropriate DNS data for the turbulent �ow in a plane channel. Fur-
thermore, this formulation also satis�es the asymptotic behaviour of �t in approaching the
solid wall (�t ∼y3), unlike the model of Durbin (�t ∼y4).
The computational performance of the present low Reynolds-number HTM involving this

formulation for �t is tested in the fully developed turbulent channel �ow. The presently adopted
background low Reynolds number second-moment closure model is that of Hanjalic and
Jakirlic [38] here denoted as HJ low-Re RSM. This model was previously validated very
intensively in a broad variety of turbulent �ows, featuring di�erent mean �ow and turbulence
phenomena. Figure 14 shows semi-log plots of the mean velocity pro�les for a range of
the bulk Reynolds numbers between 2980 and 123.200 exhibiting excellent agreement with
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Figure 14. Semi-log plots of the mean velocity for a range of the bulk Reynolds number
in the fully developed turbulent channel �ow.

Figure 15. Turbulent kinetic energy pro�le across the fully developed turbulent channel �ow.

available DNS [10, 48] and experimental results [49]. Figure 15 displays very good agreement
of the turbulent kinetic energy resulting from the background low-Re RSM with the DNS re-
sults. The results obtained by the Jones and Launder low-Re Reynolds number k–� model are
also shown.
The purpose of the presented results was to indicate the potential of the low-Reynolds-

number hybrid modelling procedure. Further analysis and model validation are necessary.
Other low-Reynolds-number second-moment closure schemes can also be adopted.
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7. CONCLUSIONS

The main conclusion drawn from this study is that the ‘hybrid’ turbulence strategy im-
proves the predictions comparing to simpler eddy–viscosity turbulence models. It is shown
that Boussinesq’s relation can provide a good solution if the turbulence is modelled via
Reynolds-stress equations and the constant value for C� is replaced with a variable formu-
lation. An implementation of models used for calculations is described in order to provide
the arguments that the proposed model is a compromise between the accuracy of RSM and
the robustness of the k–� model. The HTM model can also be applied as an ‘initialization’
model, used between the k–� and RSM models in order to stabilize and shorten RSM cal-
culations. Moreover, the main bene�ts from this modelling strategy should be expected in
complex industrial calculations, especially in �ows where overprediction of turbulent kinetic
energy caused by the inadequate modelling approach of the k–� model departs largely from
the real situation. Furthermore, the potential of the hybrid modelling strategy for predicting
the �ow in the near-wall region is also investigated by considering fully developed channel
�ow in a large range of the bulk Reynolds numbers, extending further its �eld of application.
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